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In this work, we consider the preservation of a measurement for quantum systems interacting
with an environment. Namely, a method of preserving an optimal measurement over a channel is
devised, what we call channel coding of a quantum measurement in that operations are applied
before and after a channel in order to protect a measurement. A protocol that preserves a quantum
measurement over an arbitrary channel is shown only with local operations and classical commu-
nication without the use of a larger Hilbert space. Therefore, the protocol is readily feasible with
present day’s technologies. Channel coding of qubit measurements is presented, and it is shown
that a measurement can be preserved for an arbitrary channel for both i) pairs of qubit states and
ii) ensembles of equally probable states. The protocol of preserving a quantum measurement is
demonstrated with IBM quantum computers.
Quantum systems are generally fragile in that they of-
ten interact with an environment [1, 2]. One of the con-
sequences is that a designed quantum information task
becomes noisy. For instance, when quantum states are
stored in a memory, they may interact with an environ-
ment so that the resulting noisy states are finally read
out by a measurement. In a communication scenario,
while quantum states are transmitted, interactions with
an environment take place: a state sent by a party suf-
fers from interventions of an environment, and then is
measured by a receiver.
The aforementioned scenario shares similarities with
noisy channels in information theory [3]. After mes-
sages are encoded, sequences are transmitted and then
corrupted during the transmission by a noisy channel.
In information theory, the problem of unwanted interac-
tions with an environment is resolved by channel coding,
in which messages are prepared in longer sequences with
additional bits in order to contain some redundancy on
purpose such that the redundant bits are used to detect
and correct errors that have appeared during the trans-
mission.
In quantum information theory, in a similar vein, quan-
tum systems can be protected from unwanted interac-
tions with an environment by exploiting more resources
in the state preparation. As quantum states are de-
scribed by linear, non-negative, and unit-trace operators
in a Hilbert space, quantum states can be prepared in a
subspace, also called as a code space, of a larger Hilbert
space such that the complementary subspace is used to
detect and correct errors that occurred in the code space.
Consequently, the states prepared in a code state can be
protected while systems suffer from interactions with an
environment. The schemes have been referred to as quan-
tum error correction [15, 16] or noiseless subsystems [17].
So far, in both cases of classical and quantum scenar-
ios that deal with unwanted interactions with an envi-
ronment, the goal is to preserve systems prepared in se-
quences or states, respectively. In quantum theory, we
recall the significance of an optimal measurement to read
out which state a system is prepared in. The role of a
quantum measurement is illustrated as follows. Suppose
that there are two sets of states, SZ = {|0〉, |1〉} and
SX = {|+〉, |−〉}, where |±〉 = (|0〉 ± |1〉)/
√
2. Although
both contain a pair of orthogonal states, the perfect dis-
tinguishability can be achieved only when a measurement
is performed in a correct basis: the Z basis for the set
SZ and the X basis for the set SX . Measurements in the
Z basis for the states SX , or X to states SZ , give no in-
formation to discriminate between the pair of orthogonal
states.
It is clear that if states are protected by a channel,
so is an optimal measurement prepared for the states.
However, the preservation of a measurement does not
necessarily imply that quantum states should be pro-
tected completely. For instance, suppose that two states
{|0〉, |1〉} are sent through a channel
|0〉 7→ (1− p)|0〉〈0|+ p|1〉〈1|,
|1〉 7→ (1− p)|1〉〈1|+ p|0〉〈0| (1)
for p ∈ [0, 1]. An optimal measurement for state discrimi-
nation remains the same as a measurement in the Z basis
for both before and after a channel use. The measure-
ment in the Z basis is optimal for both the initial ensem-
ble and its resulting ensemble. That is, a measurement
can be preserved over a channel that contains interactions
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2with an environment. This shows that the preservation
of a measurement is not equivalent to the preservation of
states. It is then natural to ask if a quantum measure-
ment can be preserved over a channel in general although
states may become noisier by the channel.
The preservation of an optimal measurement is also
useful in a practical point view: one may desire to ex-
ploit a measurement setting, once prepared, repeatedly
in a different environment. This happens, for instance,
in quantum algorithms: a measurement in the computa-
tional basis is supposed to find a solution from a result-
ing state after all. If states cannot be fully preserved due
to noise from an environment, a next best option could
be to find an optimal measurement for a noisy resulting
state, in order to maximize the probability of obtaining
a solution. If the optimality of a measurement is pre-
served, a measurement does not have to be revised but
remains optimal ever. Similarly, in quantum communi-
cation where states are sent through a noisy channel, an
optimal measurement can find which state has been sent
through a channel, although states may not be protected
completely. The scheme of preserving an optimal mea-
surement over a channel can be referred to as channel
coding of a quantum measurement. We recall that meth-
ods of preserving states have been called channel coding
of states [18].
The advantages of preserving an optimal measurement
over a quantum channel are twofold. Firstly, the verifi-
cation of resulting states can be circumvented. If a mea-
surement once prepared would be optimal ever after a
channel use, the step of identifying resulting states can
be bypassed: even if the states are unknown, an opti-
mal measurement for the states has been immediately
there. In this way, quantum tomography that is highly
demanding in practice can be circumvented. This can
also be interpreted that measurement devices do not have
to be realigned under unknown and unwanted interac-
tions with an environment. For instance, measurement
devices prepared in a laboratory can be re-used in some
other applications such as platforms of satellite or free-
space quantum communication, in which it is in fact diffi-
cult to characterize the environment. Next, as it is shown
above, the preservation of an optimal measurement im-
plements a cost effective optimal scheme of extracting
information from quantum states.
In this work, we show a framework of channel coding
of a measurement by local operations and classical com-
munication (LOCC), without resort to a larger Hilbert
space. By chracterizing channels that preserve a mea-
surement for an ensemble, channel coding of a measure-
ment is formulated as a supermap from a channel to a
measurement-preserving one, where a supermap can be
implemented by an LOCC protocol. We present channel
twirling, which is implemented by a unitary 2-design, as
channel coding of a measurement for ensembles of equally
probable states in general. We then consider channel
coding of a qubit measurement for i) any pair of states
and ii) ensembles of equally probable states. Proof-of-
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FIG. 1. Quantum information processing consists of prepara-
tion, channel evolution, and measurements of quantum states.
Channel coding can protect states or a measurement against
interactions with an environment during the transmission. By
channel coding of a measurement, detectors prepared in a
noiseless scenario can be used repeatedly when states are sent
through an arbitrary and unknown channel N .
principle demonstrations are shown with IBM quantum
computers.
I. PRELIMINARIES
Let us begin with notations and terminologies to be
used throughout. The building blocks of quantum infor-
mation processing, states, channels, and measurements
are summarized, see e.g., [19, 20]. Discrimination of
quantum states under a channel is introduced.
A. States, channels, and measurements
Let B(H) denote a set of bounded linear operators in
a Hilbert space H. A set of quantum states on a Hilbert
space H is denoted by S(H), i.e.,
S(H) = {ρ ∈ B(H) : tr[ρ] = 1, ρ ≥ 0}.
A quantum channel that describes transformations of
quantum states, denoted by,
N : ρ 7→ N [ρ]
is characterized by a completely positive and trace pre-
serving map for quantum states, i.e., id ⊗ N ≥ 0, and
tr[N [ρ]] = 1, ∀ρ ∈ S(H) where id is an identity map.
A quantum measurement that shows the transition
from quantum states to measurement outcomes contains
positive operator values measure (POVM) elements, de-
noted as,
{Mk}nk=1, such that Mk ≥ 0 ∀k,
∑
k
Mk = I.
Note that each POVM element gives the description of a
detector. The measurement postulate states that when a
3system is prepared in a state ρ, the probability of having
a detection event on a POVM element Mk is given by
Prob[k] = tr[ρMk].
B. Optimal quantum state discrimination over a
channel
Discrimination of quantum states is a fundamental
task that a measurement finds which state has been pre-
pared [4–6]. Let S(id) denote a set of quantum states in
a noiseless environment. We also introduce its noisy en-
semble, denoted by S(N ), i.e., the set of resulting states
after a channel N . That is, we write the ensembles as
follows,
S(id) = {qx, ρx}nx=1 and
S(N ) = {qx,N [ρx]}nx=1, (2)
where qx denotes the a priori probability that a state ρx
is prepared. In addition, we write an ensemble of equally
probable states as follows,
S
(id)
0 = {1/n, ρx}nx=1. (3)
Throughout, S(id) means an ensemble of states prepared
in a noiseless environment, and S(N ) the resulting en-
semble by a channel N .
The problem of optimal state discrimination finds the
maximal probability of making a correct guess about
which state it is, called the guessing probability, as well as
an optimal measurement that attains the guessing prob-
ability [7–14]. For the generality, suppose that states are
sent through a channel N . The guessing probability for
the ensemble S(N ) can be written as,
p(N )guess = max
M
∑
x
qxtr[N [ρx]Mx] (4)
where M denotes a set of POVM elements.
The standard problem of optimal state discrimina-
tion corresponds to the case S(id), for which the guess-
ing probability is denoted by p
(id)
guess. It is clear that
p
(id)
guess ≥ p(N )guess for a channel N [22], i.e., distinguisha-
bility does not increase under a quantum channel. Note
also that optimal POVM elements are not always non-
zero, i.e., no-measurement is sometimes optimal [23].
II. PRESERVATION OF QUANTUM
RESOURCES
We summarize known results on the preservation of
quantum states and a measurement.
A. The preservation of states
Suppose that one of the states in S(id) is sent through
a channel N . Quantum states can be preserved if there
exists a recovery map R such that R ◦N ≈ id. If a re-
covery map does not exists, a larger Hilbert space can be
exploited such that states are then encoded in its sub-
space, called a code space, for which there exists a recov-
ery map. The complementary subspace can be used to
detect and correct errors occurred in the code space. Or,
states can be encoded in a subspace where the states are
not affected by interactions with an environment [15, 16].
The aforementioned methods of preserving quantum
states can be generally characterized by the informa-
tion preserving structure [21]. Namely, quantum states
{ρx}nx=1 are preserved by a channel N if and only if the
following conditions are satisfied, for all q ∈ (0, 1),
∀x, y, ‖qρx − (1− q)ρy‖1 = ‖qN [ρx]− (1− q)N [ρy]‖1(5)
where ‖ · ‖1 denotes the L1 norm. The information pre-
serving structure can be used to construct the code states
which remain perfectly distinguishable after a channel
use.
B. The preservation of a measurement
The channels that preserve an optimal measurement
for an ensemble can be defined as follows.
Definition. A channel N is called optimal measure-
ment preserving (OMP) for an ensemble S(id) if the
resulting ensemble S(N ) and the ensemble S(id) share
the same measurement for optimal state discrimination.
In Ref. [22], it has been shown that a channel N is
OMP for an ensemble S(id) if the following is satisfied,
∀x, y, (qxρx − qyρy) = κ−1 (qxN [ρx]− qyN [ρy]) (6)
for some κ ∈ (0, 1]. The condition shares some similari-
ties with the information preserving structure in Eq. (5).
Technically, taking the L1 norm in the OMP condition
in Eq. (6) for κ = 1, one can obtain the condition of
preserving states in Eq. (5) with a specific set of a pri-
ori probabilities {qx}nx=1. If states can be preserved such
that the condition in Eq. (5) holds true for arbitrary
probabilities {qx}nx=1, there exists a recovery operation
that finds the states before a channel use [21]: ∃R such
that R ◦ N [ρy] = ρy, for ρy ∈ span{ρx}nx=1. This shows
that, when a set of states can be preserved by a channel,
i.e., Eq. (5) is fulfilled, it follows that an optimal mea-
surement can also be preserved, i.e., the OMP condition
is satisfied, by applying a recovery operation. However,
the OMP condition with κ < 1 cannot be reduced to
the information preserving structure for the preservation
of states. This means that whereas the preservation of
quantum states is in failure, an optimal measurement can
be preserved.
As an example, let us consider ensembles of equally
probable states S
(id)
0 in Eq. (3), for which channels in
the following are OMP.
4Remark. A channel Nσ : ρ 7→ (1 − η)ρ + ησ for a
fixed state σ is OMP for any ensemble S
(id)
0 .
It is clear that channelsNσ do not preserve states. One
can easily find that a channel Nσ satisfies the OMP con-
dition in Eq. (6). A particular choice of the state σ can
be a mixed state I/d where d denotes the dimension of a
Hilbert space. This introduces a depolarization channel
as follows,
Dη[ρ] = (1− η)ρ+ ηI/d. (7)
A depolarization channel is then OMP for any ensemble
S
(id)
0 .
III. CHANNEL CODING OF A
MEASUREMENT
We now formulate channel coding of a quantum
measurement by devising a transformation of a channel
to an OMP one by an LOCC protocol. As channels
are transformed into each other, such a transformation
corresponds to a supermap [24] from a channel N to an
OMP one.
Definition. (Channel coding of a measurement)
For a quantum channel N : S(H) → S(H) and an en-
semble S of interest to be sent through the channel, let
C(N ,S) denote a supermap that works as N 7→ C(N ,S)[N ].
Then, a supermap C(N ,S) is called channel coding of a
measurement if the channel C(N ,S)[N ] is OMP for the
ensemble S.
This shows that for the construction of channel coding
of a measurement, one first needs to identify an OMP
channel, to which a channel is to be transformed. The
next step is then to find an LOCC protocol, i.e., a su-
permap, that transforms a channel to the OMP channel.
We here take a depolarization channel in Eq. (7) as
an OMP channel of interest. In this way, one can take
the advantage of exploiting the well-known result that
any channel can be transformed to a depolarization map
by the protocol of twirling a channel, which also applies
LOCC only [25].
Let T denote a twirling operation for a channel N :
T N [ρ] =
∫
dµ(U)U†N [UρU†]U , (8)
where the average is performed over the Haar measure
(uniform measure in the space of unitary operators). The
consequence is that the resulting map corresponds to a
depolarization,
T N [ρ] = DηN [ρ] = (1− ηN )ρ+ ηN
I
d
, (9)
where ηN is determined by a channel N . Note also that
DηN is a quantum channel for 1− ηN ∈ [−1/(d2 − 1), 1].
In practice, twirling a channel can be realized by the
use of a so-called unitary 2-design. A unitary 2-design is a
set of unitary transformations in a d-dimensional Hilbert
space, denoted by a set W = {Uk}k=1...N , such that the
following is satisfied [26]. For any quantum channel N ,
it holds that
1
N
N∑
i=1
U†iN [UiρU†i ]Ui =
∫
U(d)
dU U†N [UρU†]U .
Then, twirling a channel can be realized by random ap-
plications of a unitary 2-design.
Therefore, by applying a unitary 2-design before and
after a channel, channel coding of a measurement for
an ensemble of equally probable states S
(id)
0 can be
implemented as follows, see also Fig. 1.
A protocol of channel coding of a measurement
1. For a state ρ ∈ S(id)0 , an element Uj ∈ W is ran-
domly chosen from a unitary 2-design W and ap-
plied to the state before a channel N .
2. The sender and the receiver communicate their se-
lection of unitaries.
3. After the channel transmission, the receiver applies
its inverse U†j to a resulting state N [UjρU†j ].
4. By randomizing the resulting states, a measure-
ment to find a state in an ensemble S
(id)
0 is also
optimal for its resulting ensemble S
(N )
0 for any
quantum channel N .
We remark that with the protocol, a measurement
once prepared for an ensemble S
(id)
0 remains ever opti-
mal no matter what interactions a system suffers from
an environment. Distinguishability does not increase un-
der channels. Let p
(id)
guess denote the guessing probability
for an ensemble S
(id)
0 , p
(N )
guess for the ensemble S
(N )
0 , and
p
(T N )
guess for the ensemble S
(T N )
0 . It is clear that
p(id)guess ≥ p(N )guess and p(id)guess ≥ p(T N )guess
since distinguishability does not increase under a channel.
However, distinguishability can be improved by channel
coding of a measurement [22]. Namely,
∃N , such that p(N )guess < p(T N )guess .
Note also that resources to realize the protocol of chan-
nel coding of a measurement contain LOCC only: local
unitaries are only applied before and after a channel use,
which are feasible with current technologies.
5IV. CHANNEL CODING OF A QUBIT
MEASUREMENT
From the framework of channel coding of a measure-
ment in the previous section, we here consider channel
coding of a qubit measurement. As it is shown, a unitary
2-design is an essential tool to implement channel coding
of a quantum measurement by transforming a channel to
a depolarization map.
1. Unitary 2-design
For qubit cases, a subgroup of the tetrahedral group of
rotations [27] that forms a unitary 2-design with a con-
jectured minimal [26] cardinality of 12 is chosen. Then,
these elements can be found explicitly as follows:
W = {I,−iX,−iY,−iZ, U5, · · · , U12} (10)
where X, Y , and Z are the Pauli matrices, and
U5 =
1
2
(
1− i −1− i
1− i 1 + i
)
, U6 =
1
2
(
1 + i 1− i
−1− i 1− i
)
,
U7 =
1
2
(−1− i −1− i
1− i −1 + i
)
, U8 =
1
2
(−1 + i 1− i
−1− i −1− i
)
,
U9 =
1
2
(−1 + i −1 + i
1 + i −1− i
)
, U10 =
1
2
(−1− i 1 + i
−1 + i −1 + i
)
U11 =
1
2
(
1 + i −1 + i
1 + i 1− i
)
, U12 =
1
2
(
1− i 1 + i
−1 + i 1 + i
)
.
With the latter unitary 2-design, the protocol in Sec. III
can realize channel coding of a measurement for ensem-
bles of equal a priori probabilities S
(id)
0 , as it transforms
a channel to a depolarization map. An alternative and
widely used unitary 2-design is the Clifford group that
contains 24 elements up to phase factors.
2. Validity of channel coding of a measurement
Channel coding of a measurement is closely related
to the validity of a measurement for optimal state dis-
crimination. This is because no-measurement, i.e., a sin-
gle POVM element is given by I, is sometimes optimal,
which we call a measurement a trivial measurement. In
this case, an optimal discrimination is simply to make a
guess according to a priori probabilities. Channel coding
of a measurement is not valid if a channel T N leads to
an ensemble S(T N ) for which a measurement is trivial.
Furthermore, a caveat is also that from Eq. (9), the
preservation of a measurement does not work if a result-
ing depolarization map has 1− ηN < 0 since states of an
ensemble S(id) are less probable than their complement
ones after a channel use. Note that for qubits, we have
1−ηN ∈ [−1/3, 1]. Then, for 1−ηN ∈ [−1/3, 0], it is still
possible to systematically re-construct an optimal mea-
surement for a resulting ensemble without further efforts
or resources such as tomography of a channel or states.
We call the update of a measurement as a pre-protocol
for quantum communication.
In what follows, we first describe a pre-protocol as a
method of updating an optimal measurement. Then, we
show that the protocol in Sec. III works for an arbitrary
pair of qubit states even if a priori probabilities are un-
equal. That is, twirling channel can preserve an optimal
measurement in two-state discrimination in general. The
sufficient condition in Eq. (6) is also necessary to pre-
serve a measurement for a pair of states. However, for
more than two states, the condition is only sufficient as
there are ensembles of three states with unequal a pri-
ori probabilities, such that the protocol in Sec. III does
not preserve a measurement. A counter-example is also
provided.
A. Pre-protocol for communication
1. No-measurement is sometimes optimal
Let us begin with discrimination of two states. Let
S(id) = {qx, ρx}x=1,2 denote a pair of qubit states. A
measurement for optimal discrimination can be found by
finding the spectrum of the operator, q1ρ1 − q2ρ2 : two
projectors into positive and negative eigenvalues consti-
tute an optimal measurement. As it is mentioned, this
construction is valid only when a measurement is non-
trivial. In fact, an optimal measurement is non-trivial
only when the following condition is satisfied [28]
|q1 − q2| < ‖q1ρ1 − q2ρ2‖1. (11)
Otherwise, an optimal measurement is trivial, i.e., one of
the POVM elements is zero and the other is the identity.
The optimal discrimination is achieved by guessing the
state that has a higher a priori probability, i.e., the guess-
ing probability is therefore given by pguess = max{q1, q2}.
Together with channel coding of a measurement, the
protocol in Sec. III performs twirling a channel N and
the resulting channel DηN is obtained. Applying the con-
dition in Eq. (11), it follows that a measurement is trivial
if
|q1 − q2| > |1− ηN |‖q1ρ1 − q2ρ2‖1.
In this case, the optimal discrimination is to guess a state
according to a priori probabilities. Otherwise, the pro-
tocol in Sec. III can preserve a measurement.
Recently [28], it has been shown that for an ensemble
S(id) of multiple states, a measurement is trivial if there
exists a state ρj such that,
|qj − qk| > ‖qjρj − qkρk‖1, ∀k.
Thus it follows that an optimal measurement after a
channel N is trivial if there is a state ρj such that
|qj − qk| > (1− ηN )‖qjρj − qkρk‖1, ∀k.
6The preservation of a measurement is valid when a mea-
surement is non-trivial in both before and after a channel
use.
2. Updating a measurement
Suppose that after twirling a channel, a depolarization
map DηN has the noise fraction 1 − ηN < 0, see Eq.
(9). This may be compared to its classical countepart, a
binary symmetric channel [29] with 1− p < 1/2 where p
denotes the probability of flip: then x is mapped to x⊕1
more frequently than x, where ⊕ is the bitwise addition.
In the classical case, by re-labeling x to x + 1 before or
after a binary symmetric channel, the probability of flip
can be suppressed to be smaller than 1/2.
Similarly, if 1 − ηN < 0, states in an ensemble S(id)
are less probable than their orthogonal complement : a
measurement is not preserved. The update of an optimal
measurement is shown as follows.
Proposition. For an ensemble S
(id)
0 , let {Mx}nx=1
denote an optimal measurement. POVM elements can
be written in terms of the Bloch vectors, Mx = wxs(~mx)
such that wx ∈ [0, 1] and s(~mx) = (I + ~mx · ~σ)/2 where
~σ = (X,Y, Z) with Pauli matrices. For a channel N
having 1 − ηN < 0 after channel twirling, an optimal
measurement for the ensemble S
(T N )
0 is given by
{M⊥x }nx=1 where M⊥x = wxs(−~mx).
Proof. For an ensemble S
(id)
0 , an optimal measure-
ment can be found by maximizing the guessing probabil-
ity
max
1
n
n∑
x=1
tr(Mxρx)
with the constraint that Mx ≥ 0 and
∑
Mx = I. Let
Mx = wxs(~mx) denote POVM elements with wx ∈ [0, 1]
and s(~mx) = (I + ~mx · ~σ)/2.
Then, the optimization problem is equivalently written
as
max
1
n
+
1
2n
n∑
x=1
wx ~mx · ~rx (12)
where the constraints are wx ≥ 0 and
∑
x wx ~mx · ~σ = I.
Suppose that by twirling a channelN the fraction is given
by 1−ηN < 0. The optimal discrimination for a resulting
ensemble S(T N ) can be found by solving
max
1
n
+
1− ηN
2n
n∑
x=1
wx ~mx · ~rx. (13)
Solutions of two optimization problems in the above are
related by a simple inversion. The optimal measurement
in Eq. (13) can be obtained by converting the direction
~mx → −~mx for solutions ~mx in Eq. (12). 
In particular, for two-state discrimination, the update
of a measurement is simply re-labelling of POVM ele-
ments since two POVM elements are orthogonal to each
other. This shows an analogy to the aforementioned clas-
sical counterpart.
B. Twirling a channel in two-state discrimination
For an ensemble of two states, the protocol of channel
coding of a measurement in Sec. III works not only for
cases of equal a priori probabilities but also when a
priori probabilities are unequal.
Proposition. A measurement for an ensemble of two
states can be generally preserved by an arbitrary channel.
Proof. For an ensemble, S(id) = {qx, ρx}2x=1, an op-
timal measurement can be found by finding the spectral
decomposition,
q1ρ1 − q2ρ2 = r2σ2 − r1σ1
where σ1 and σ2 are a pair of orthogonal pure states and
r1 and r2 are non-negative. It also holds that σ1+σ2 = I.
Then, optimal POVMs are M1 = σ
⊥
1 and M2 = σ
⊥
2 .
Suppose that a channel N is twirled by the protocol
in Sec. III so that a depolarization channel in Eq. (9)
is obtained. To find an optimal measurement for the
resulting ensemble, we find the spectral decomposition,
q1DηN [ρ1]− q2DηN [ρ2]
= (1− ηN )(r2σ2 − r1σ1) + ηN (r2 − r1)I/2.
From the relation σ1 + σ2 = I, we have
q1DN ,η[ρ1]− q2DN ,η[ρ2] = r˜2σ2 − r˜1σ1,
where r˜i = ri − (r1 + r2)ηN /2. Thus, it is shown that a
measurement is preserved. 
Note that for an ensemble S(id) = {qx, ρx}2x=1, a chan-
nel DηN does not fulfil the OMP condition in Eq. (6)
although it is OMP as shown above. This confirms that
the condition in Eq. (6) is only sufficient for a channel
to preserve an optimal measurement.
C. Twirling a channel for multiple states
For more than two states, the protocol of channel cod-
ing of a measurement in Sec. III fails to preserve a mea-
surement if a priori probabilities are unequal. We here
provide an example that twirling a channel fails to pre-
serve a measurement.
Let us consider a set of modified trine states with
unequal a priori probabilities S(id) = {qx, ρx}3x=1, with
q1 = 2q2 = 2q3 = 1/2. Trine states are three states
that are equally spaced in a half-plane of a Bloch vec-
tor. Let ~r denote the Bloch vector of a qubit state ρ.
7Then, we consider modified trine states having Bloch
vectors ~r1 = (1/2, 0, 0), ~r2 = (−1/2,
√
3/2, 0) and ~r3 =
(−1/2,−√3/2, 0), i.e., the first state is not pure. For the
ensemble, an optimal measurement can be found explic-
itly [30] as follows{(
0.44 0.44
0.44 0.44
)
,
(
0.28 −0.22− 0.17i
−0.22 + 0.17i 0.28
)
,(
0.28 −0.22 + 0.17i
−0.22− 0.17i 0.28
)}
.
Note that none of POVM elements are non-zero.
Suppose that the ensemble is sent through a channel
N with the protocol of channel coding in Sec. III. We
assume that a depolarization channel is obtained with
1− ηN = 2/3. For the ensemble S(T N ), an optimal mea-
surement can be found as follows{(
0.46 0.46
0.46 0.46
)
,
(
0.27 −0.23− 0.14i
−0.23 + 0.14i 0.27
)
,(
0.27 −0.23 + 0.14i
−0.23− 0.14i 0.27
)}
.
Thus, it is shown that an optimal measurement is not
preserved with the protocol of channel coding. Note that
the a priori probabilities are not equal.
V. SIMULATION ON A QUANTUM
COMPUTER
In this section, we present a proof-of-principle demon-
stration of channel coding of a qubit measurement with
the IBM quantum computer ibmqx2 using the Qiskit
package [33]. We specifically consider ensembles of a
pair of orthogonal states SZ = {|0〉, |1〉} and the four-
states in the Bennett-Brassard 1984 (BB84) protocol [31]
SBB84 = {|0〉, |1〉, |+〉, |−〉}, both with equal a priori
probabilities. We consider flip channels
NR[ρ] = (1− pf )ρ+ pfRρR (14)
where pf ∈ [0, 1] is a flipping probability and R = X,Y
where X and Y are the Pauli operators, which arise as a
result of the interactions of the system qubit ρ with an
environment.
The aforementioned channels can be realized with a
quantum circuit with two qubits – q1 for the system ,
and q0 the ancillary qubit mimicking an environment –
see Fig. 2. To this end, we need gate operations, Pauli X,
Hadamard H, and controlled-not (CNOT) gate denoted
by CX . Note that with the Qiskit notation, the most
general single-qubit operation is written as
U3(θ, φ, λ) =
(
cos(θ/2) −eiλ sin(θ/2)
eiφ sin(θ/2) eiλ+iφ cos(θ/2)
)
. (15)
In order to obtain the channel NX on the system q1, the
environment q0 is prepared in the state
|a〉E = U3(2α, 0, 0)|0〉E = cos(α)|0〉E + sin(α)|1〉E ,
where the angle α corresponds to the flipping probability
as cos(α)2 = 1− pf . Then, when the system is prepared
in a state |ψ〉, the interaction with the environment is
described as
CX |a〉E |ψ〉 =
√
1− pf |0〉E |ψ〉+√pf |1〉EX|ψ〉. (16)
The channel NX is obtained by tracing out the environ-
ment qubit q0, which in practice is done by measuring
q1 only. For an observable M of interest (in particular
POVMs) on the system, the expectation is given by
tr[MNX [|ψ〉〈ψ|]] = tr[(I⊗M) CX |a〉E〈a| ⊗ |ψ〉〈ψ|C†X ]
Similarly, the channel NY is obtained by implementing
the two-qubit controlled-Y gate CY as follows (see also
Fig. 2)
CY |a〉E |ψ〉 =
√
1− pf |0〉E |ψ〉+√pf |1〉EY |ψ〉, (17)
where CY = CX(I⊗H)CX(I⊗H) and subsequent tracing
out the environment qubit.
In order to implement channel coding of qubit mea-
surement, the minimal unitary 2-design W in Eq. (10) is
realized with the unitary gate U2(φ, λ) = U3(pi/2, φ, λ)
as {
U2(0, pi/2), U2(pi, pi/2), U2(0, 3pi/2), U2(pi, 2pi/2),
U2(pi/2, pi), U2(pi/2, 0), U2(3pi/2, pi), U2(3pi/2, 0)
}
,
together with I, −iX, −iY , and −iZ. Note that for the
ensemble SZ , a measurement in the basis Z is optimal.
With this measurement, for a Pauli channel NX we have
(see also Eq. (4))
p(NX)guess =
1
2
+
|1− 2pf |
2
, and p(T NX)guess =
1
2
+
|3− 4pf |
6
.(18)
For the ensemble SBB84 a random measurement in the
X and Z basis are optimal. With the measurement, we
have
p(NY )guess =
1
4
+
|1− 2pf |
4
, and p(T NY )guess =
1
4
+
|3− 4pf |
12
.(19)
To implement the twirling protocol, we collect the data
for 8000 (maximum allowed is 8192) shots for each uni-
tary matrix in the unitary-2-design W , which is applied
before and its conjugate after the channel NR, and per-
form the averaging in post-processing.
As a proof-of-principle, this is equivalent to random
applications of unitary 2-design before and after a chan-
nel use. Thus, channel coding of a measurement is im-
plemented. We show in Fig. 3 the guessing probabilities
Eq. (4) measured on the 5-qubit quantum machine ib-
mqx2. We verified that the results from the classical
quantum circuit simulator ’qsam simulator’ are in per-
fect agreement with Eqs. (18) and (19). This certifies
that the circuits are simulating correctly the quantum
channel and the twirling protocol.
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FIG. 2. A quantum circuit for channel coding of a qubit
measurement is shown. The interaction between a system
qubit q1 and an environment (aniclla) qubit q0 in Eq. (17)
is realized with two CNOT gates, so that the channel for the
system is described by NY . By default all qubits are ini-
tialized in |0〉, so that a unitary operation Ui is required to
prepare other states, for instance |1〉, |+〉, and |−〉. Analo-
gously, since measurements are always done in the Z-basis, a
unitary transformation Um is required to prepare POVM ele-
ments other than |0〉〈0| or |1〉〈1|. The channel NX is realized
by replacing the block inside the dashed box with a single
CNOT gate. The gates Utwirl denote the application of one
of the elements in a unitary 2-design, Eq. (10).
Comments on the simulation
The results in Fig. 3 obtained in March in 2019 show
a good agreement with the theoretical prediction in
Eqs. (18) and (19). A certain loss of probability can
be observed that can be modelled by shot noise on the
measurement outcome,
tr(Mρ)→ tr(M [(1− η)ρ+ ηI/2]), (20)
as indicated by the dashed line. The same measure-
ments were performed in June 2019. It turns out that
the shot noise was significantly higher (η = 0.65 instead
of η = 0.05 for SZ , η = 0.57 instead of η = 0.15 for
SBB84). This seems consistent with a recent study of
the noise sources on the IBM quantum computers [32]
where a loss of the overall norm of the Bloch vectors due
to shot noise is identified as one of the major sources of
error. The same measurements were performed in June
on ibmqx4 and ibmq 16 melbourne machines. For the
ibmq 16 melbourne, the shot noise was η ≈ 1 so that no
significant results could be extracted. For the ibmqx4,
pguess for T NR was systematically larger than for NR,
in agreement with the theory. However, the measured
pguess values strongly fluctuated around the theoretical
values. These observations cannot be accounted for by
the estimates of the gate fidelities reported by IBM Q
Experience.
In an attempt to find the sources of the errors, we mea-
sured the state of the environment qubit q0 to control
the actual value of pf . Some fluctuations were observed,
which are correlated with the fluctuations in pguess on
ibmqx4, but can only partially explain the deviations
from the theory. Consequently, further understanding of
the device’s imperfections is of paramount importance for
channel coding, and for quantum information processing
in general, on available quantum hardware.
a) b)
FIG. 3. Guessing probabilities for channels NX and NY in
Eq. (14) are shown: a) a channel NX for a pair of orthogonal
states SZ and b) a channel NY for the BB84 states SBB84.
The solid lines are theoretical prediction in Eqs. (18) and
(19). The guessing probabilities after a channel are in the
red color. After twirling a channel, they are in the blue color.
Circles are guessing probabilities from the ibmqx2. The circle
size is larger than the statistical measurement noise. The
dashed line is made by assuming the noise model in Eq. (20)
η = 0.05 for a) and η = 0.15 for b), which shows a reasonably
good explanation about the source of errors in IBM quantum
computers.
VI. CONCLUSION
We have formulated and presented a framework of pre-
serving a measurement for quantum systems interacting
with an environment. We show that an LOCC protocol
with local unitaries only can realize the preservation of
an optimal measurement without further resources such
as a larger Hilbert space, contrasting to the case of pre-
serving states. A general framework for channel cod-
ing of a measurement is presented as a supermap that
transforms a channel to an OMP one. In particular, it
is shown that channel twirling implements the preserva-
tion of a measurement for ensembles of equally probable
states. For qubit ensembles, the protocol of preserving a
measurement is investigated in detail and is found that
the protocol works for i) any pair of qubit states and ii)
ensembles of equally probable states. A counter-example
for three states is explicitly provided. Channel coding
of a qubit measurement is demonstrated for ensembles
of a pair of orthogonal states and the four states in the
BB84 protocol, and can be readily applied to practical
quantum communication protocols.
Our work sheds a new light in directions of an early-
stage quantum information processor, that works with
limited resources and restricted controls. For instance,
the preservation of quantum states in a noisy environ-
ment, which needs ancillas and a high-precision control
over a system and ancillas, may not be achieved within
a near future. The presented framework of preserving
an optimal measurement could be a next best and feasi-
ble opportunity. Our demonstration with IBM quantum
computers has shown that by channel coding of a mea-
surement, single-qubit information processing can read-
ily work against an adversarial environment that may
cause high-rate errors. Our work initiates a new direction
toward an early-stage quantum information processing,
9leading to a number of questions. First, channel cod-
ing of a measurement for ensembles of arbitrary a pri-
ori probabilities is sought, to apply channel coding of a
measurement for arbitrary ensembles. Next, for further
extension beyond a single qubit state, it is significant
to find a minimal unitary 2-design or its approximation
for multiple qubits. In addition, it is interesting to find
how tightly schemes of preserving states and a measure-
ment are related to each other. In future investigations,
it would be also interesting to apply channel coding of a
measurement in a realistic and practical application such
as few-qubit quantum algorithms.
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